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Abstract
We present results of numerical study of motion of micron-size, neutrally buoyant, solid particles
in liquid helium at temperatures small enough that the normal fluid is negligible and turbulence
manifests itself as a tangle of superfluid line vortices. Based on dynamically self-consistent model
of interaction between a solid particle and the quantized vortex, we analyze first an influence of
temperature on particle trapping on the vortex core. We find that the particle can be trapped
only in the case where the particle experiences the damping force, such as e.g. the viscous drag
force exerted by the normal fluid. However, at temperature below 0.7K, when the normal fluid is
practically absent, the moving particle still experiences the damping force caused by the ballistic
scattering of quasiparticles (phonons and rotons) off the particle surface. Using, together with our
calculation of close interaction between the particle and the quantized vortex, available experi-
mental data and theoretical results for this force we show that trapping of micron-size, neutrally
buoyant particles on quantized vortices becomes impossible at temperatures below 0.5K. At such
temperatures the particle motion in the vortex tangle can be studied based on the simpler, “One-
Way Coupling” model ignoring the back-reaction of the particle on the motion and evolution of
quantized vortices. Based on such a model, we present results of numerical calculation of particle
trajectories in the vortex tangle and show that, due to instability of trajectories and the mismatch
of initial velocities of particles and the fluid, the motion of inertial particles does not reveal the mo-
tion of turbulent superfluid. We show that particle trajectories between vortex cores are ballistic.
Interaction of particles with moving vortices leads to increase of the average particle velocity until
it saturates at the value much larger than the fluid RMS velocity. These results prevent the use
of small tracer particles to study vortex tangles at low temperatures, but open to investigation a
new and remarkably simple model of Lagrangian turbulence. We present the PDF of the turbulent
velocity and show that the particle velocity spectrum obeys a simple scaling law.
PACS numbers:
67.40.Vs Quantum fluids: vortices and turbulence,
47.80.+v Fluid mechanics: instrumentation for fluid mechanics,
47.27.-i Fluid mechanics: turbulent flows
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I. INTRODUCTION
Much of the interest in the turbulence of superfluid helium is motivated by the simplicity
of the vortex structures compared to traditional fluids; this simplicity arises from quantum
mechanical constraints on the rotational motion. Notably, the core of a superfluid vortex line
has atomic thickness (ξ ≈ 10−8 cm), the circulation (κ = 9.97× 10−4 cm2/s) of the velocity
field around this core is quantized, and the superfluid has, of course, zero viscosity [1, 2].
Compared again to traditional fluids, a much larger dynamical range is available in liquid
helium: superfluid vorticity has been measured over six orders of magnitude [3] in the same
apparatus of small size and under controlled laboratory conditions. Unfortunately, the ex-
perimental techniques in helium II, although very accurate, can only detect quantities, such
as the vortex line density and pressure or temperature gradients, which are averaged over a
relatively large volume. The lack of direct flow visualization at helium II temperatures (near
absolute zero) has prevented the study of flow patterns. This situation must be compared
to the many visualization techniques available in room temperature fluids: e.g. ink, smoke,
Kalliroscope flakes, hydrogen bubbles, Baker’s pH technique, hot wire anemometry, laser
Doppler anemometry and particle image velocimetry (PIV).
Fortunately, the PIV technique has been recently implemented in liquid helium I [4] and
in liquid helium II itself [5–9]. This technique has great potential in the study of superfluid
turbulence, a problem which is receiving renewed attention [10, 11] also due to advances
in the related context of 3He [12, 13]. The PIV technique consists of tracking the motion
of small, micron-size inertial particles using lasers; in the limit of small particle size, the
observed trajectories of inertial particles in conventional fluids should correspond to the
trajectories of fluid parcels.
The interpretation of PIV data is complicated by the presence in helium II of two separate
fluid components: the normal fluid (associated with the thermal excitations) and the actual
superfluid (associated with the quantum ground state). Such an interpretation requires
a formulation of the Lagrangian equations of particle motion in a background two-fluid
flow field, as well as the detailed analysis of close interaction between the particle and the
quantized vortex taking into account a modification of the superfluid vortex by the presence
of the particle and a possibility of reconnection of the vortex with the particle surface; the
latter phenomenon may even lead to the particle trapping on the vortex core.
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II. “ONE-WAY COUPLING” MODEL
We start with the simplified, “One-Way Coupling” model which follows the approach
typical of studies of the particle motion in classical turbulence (see e.g. the book by Crowe,
Sommerfeld, and Tsuji [14] and references therein). At this stage we assume that the
presence and the motion of the particle modify neither normal nor superfluid turbulence,
that particles do not become trapped inside superfluid vortex lines, and that flow velocities
do not vary much on the length scale of the radius ap of the spherical particle. The last
two assumptions are equivalent to saying that ap is much smaller than both the Kolmogorov
length in the normal fluid and the typical distance ` = L−1/2 between the superfluid vortex
lines (here L, cm−2 is the vortex line density, i.e the average length of the vortex line per
unit volume). Under these assumptions, in our recent paper [15] the following Lagrangian
equations of motion of a small, spherical, neutrally buoyant particle have been derived:
dvp
dt
=
1
τ
(vn − vp) +
ρn
ρ
[
∂vn
∂t
+ (vn · ∇)vn
]
+
ρs
ρ
[
∂vs
∂t
+ (vs · ∇)vs
]
, (1)
drp
dt
= vp, (2)
where vp and rp are the particle velocity and position, τ = ρa
2
p/(3µn) is the particle re-
laxation time, µn the viscosity of helium II, vn and vs are the normal fluid and superfluid
velocities, ρn and ρs the normal fluid and superfluid densities, and ρ = ρn + ρs is the total
density. The first term at the right hand side of Eq. (1) is the Stokes drag, and the second
and third terms arise from inertial effects associated with the normal fluid and superfluid
respectively. These equations also assume that the particle Reynolds number with respect
to the normal fluid is small (otherwise the assumed Stokes drag would be invalid), and that
in the typical applications we can neglect the Basset history force, the Faxen correction to
the drag, the shear-induced lift force and the Magnus lift force, as argued in [15]. Finally,
note that gravity can be easily included in our model but, for the sake of simplicity, we limit
our attention to neutrally buoyant particles (i.e. the particle density is ρp = ρ).
In the case of very low temperature such that the normal fluid is absent (ρn = 0, ρs = ρ,
τ−1 = 0), the right hand side of Eq. (1),
∂vs
∂t
+ (vs · ∇)vs = −∇p (3)
represents a pressure gradient force exerted on the particle by the superfluid vortex. In the
case of a single straight vortex generating, in cylindrical polar coordinates of the vortex, the
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flow field vs = (0, κ/(2pir)), the pressure gradient is
∇p =
κ2
8pi2
∇
(
1
r2
)
. (4)
From Eq. (4) it can be seen that the superfluid vortex creates a force attracting the particle
to the vortex core. As the particle approaches the vortex, an influence of the particle on the
motion and evolution of the superfluid vortex filament can no longer be ignored: the flow
field in the vicinity of the particle will modify the vortex line which can, eventually, reconnect
to the particle surface and even trap the particle. In such a case the model represented by
Eqs. (1)-(2) will no longer be applicable for modeling of the particle motion in the vortex
tangle.
To find whether there exists a physical situation and the range of parameters such that the
simplified, “One-Way Coupling” model is applicable, the details should be analyzed of close
interaction between the particle and the quantized vortex; a particular attention should be
paid to the possibility of particle trapping on the vortex core. Such an analysis, summarized
below in Section III, must be based on the fully self-consistent approach taking into account
both the vortex filament’s evolution caused by the solid particle and the influence of the
superflow field generated by the moving and evolving vortex filament on the particle motion.
III. CLOSE INTERACTION BETWEEN THE PARTICLE AND THE QUAN-
TIZED VORTEX
The self-consistent approach to the numerical analysis of interaction between the quan-
tized vortex and the spherical, non-rotating, neutrally buoyant solid particle was developed
in our recent works [16–19]. This approach is briefly outlined below. In the framework of the
macroscopic description used in this work, the superfluid vortex filament can be represented
as a space curve of infinitesimal thickness, X(s, t), where s is the arclength parametriza-
tion along the vortex line. The evolution of the superfluid vortex line is governed by the
equation [20, 21]
∂X
∂t
= vs + vb + vφ + vf . (5)
The individual contributions in the right hand side of Eq. (5) are: the self-induced velocity vs
of the curvilinear vortex; the velocity vb which arises from the boundary condition that, in
the reference frame of the particle, the normal component of the superfluid velocity vanishes
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at the particle surface; the velocity vφ of the potential superflow caused by the motion of
the particle; the velocity vf which arises due to the mutual friction between the normal and
the superfluid components of helium II [2, 22].
The self-induced velocity of the vortex is given by the Biot-Savart integral
vs(x) = −
κ
4pi
∫
ds
X′ × (X− x)
|X− x|3
, (6)
whereX′ = ∂X/∂s is the unit tangent vector, and the integration extends over the superfluid
vortex line (we will comment on the apparent singularity of the Biot-Savart law later in
Section VI). The second contribution is the potential velocity, vb = ∇φb, where φb satisfies
the Laplace equation, ∇2φb = 0 and the following condition on the surface of spherical
particle:
(∇φb + vs) · n = 0 , (7)
with n being the normal unit vector to the particle surface. The third contribution, vφ = ∇φ
is the potential flow induced by the spherical particle whose velocity and position are vp(t)
and rp respectively:
φ(x, t|rp) = −
1
2
a3p
|x− rp|3
vp(t) · (x− rp) . (8)
The contribution vf , arising from the mutual friction between the superfluid vortex and the
normal fluid, is [2, 22]
vf = h∗X
′ × (vn − vs − vb − vφ) + h∗∗[vs + vb + vφ +X
′ × (X′ × vb)] , (9)
where vn is the velocity of the normal fluid, and h∗ and h∗∗ are related to the mutual friction
coefficients d∗(T ) and d∗∗(T ), whose numerical values are given in [23], as follows
h∗ =
d∗∗
d2
∗∗
+ (1− d∗)2
, h∗∗ =
d∗ − d
2
∗∗
− d3
∗
d2
∗∗
+ (1− d∗)2
. (10)
Equations (5)-(9) must be considered together with the equation of motion of the neutrally
buoyant particle [17–19]:
4
3
pia3p(ρp + Cρs)
dvp
dt
= 6piapµn(vn − vp) + 2piρsa
3
p
∂vs(rp, t)
∂t
+
1
2
ρs
∫
S
(vs + vb)
2n dS , (11)
where C = 1
2
is the added mass coefficient for a spherical particle, and the vortex-induced
velocity vs is calculated at the center of spherical particle. This equation is the generaliza-
tion, for the case of freely moving particle, of Schwarz’s result [24] for the force exerted on
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the particle by the superfluid vortex. (Note that in Ref. [24] the motion of the solid surface
was prescribed, and the viscous drag force exerted by the normal fluid was not considered.)
The numerical method of solution of the system of Equations (5)-(11) is described in
detail in Refs. [16–19], so that we provide here only essential particulars. In all calculations
the particle size is ap = 10
−4 cm. The typical discretization along the vortex filament is
δξ = 1.5625× 10−5 cm, so that the particle diameter corresponds to approximately 12 grid
points and deformations of the vortex filament close to the particle surface are adequately
resolved. The time step, δt must not allow the fastest Kelvin wave to propagate along the
vortex filament by more than δξ during one time step, and must not exceed 0.25τ , where the
particle relaxation time, τ is the time required for the solid particle moving in the normal
fluid to loose most of its kinetic energy due to the viscous damping. In all calculations
described below δt = 3.154× 10−8 s.
In this paper we aim at studying the particle motion at temperatures lower than 1K.
At such temperatures the normal fluid density becomes small, so that one might expect
that the viscous drag force exerted on the particle by the normal fluid can be neglected.
However, even at T < 0.7K the particle still experiences the drag force caused by the
ballistic scattering of thermal excitations (phonons and rotons) off the particle surface [25].
In order to find the range of temperatures where the drag force, either caused by the normal
fluid or by the ballistic scattering of quasiparticles off the particle surface, can be neglected,
we analyze first in detail an influence of the damping force on the dynamics of particle-vortex
collisions. For the purpose of such an analysis it will suffice to assume that the normal flow
is absent, vn ≡ 0.
We consider the spherical particle whose center is, initially, at the distance 2ap from
the straight vortex filament. The particle starts moving from rest under the influence of the
radial pressure gradient generated by the vortex. Figure 1 shows, for temperature T = 1.3K,
the sequence of particle-vortex configurations at times t = 0 (left), 0.1246× 10−2 s (center),
and 0.2632 × 10−2 s (right). The right frame shows that the vortex traps the particle and
emits a small vortex ring thus reducing the total energy of the particle-vortex configuration.
Particle trapping by the quantized vortex is further illustrated by Fig. 2 showing the
projection of particle trajectory on the (x, y)-plane. Initially straight trajectory originating
at the point (0, 0.0002) becomes twisted on the collision. This projected zigzag motion
(which may correspond to either the motion of the foot of the vortex around the surface of
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the sphere, or Kelvin waves propagating along the vortex filament, or both) is a telltale sign
of particle trapping by the vortex core: at each point the distance between the center of the
particle and the vortex filament is smaller than ap. Figs. 3, 4 and 5 show time series for the
ratios, to the total force exerted on the particle, of the viscous drag force, inertial force, and
the boundary force represented, respectively, by the first, the second, and the third terms
in the right hand side of Eq. (11). A difference can be clearly seen between the behaviour
of these forces before and after the trapping event.
Our calculations for various values of µn show that whether the particle will be trapped
or not by the superfluid vortex depends strongly on the damping force exerted on the
particle. Fig. 6 shows the results of calculation, starting with the same initial particle-
vortex configuration as in Fig. 1, for µn being only 0.2 of its value at T = 1.3K. The
sequence shown in this figure begins from time t = 0.3076× 10−2 s when the vortex filament
has already reconnected to the particle surface. The two following frames correspond to
t = 0.1155× 10−2 s (the moment when the particle breaks free) and t = 0.1167× 10−2 s (the
particle escapes the vortex). The same scenario is typical of all values of damping coefficient
such that
µn . µc = 0.2× µn(T = 1.3K) ≈ 3.051× 10
−6 g/(cm · s). (12)
The value µc gives a reliable lower boundary for the critical damping coefficient such that
for values of µn smaller than µc the particle can never be trapped by the quantized vortex
core. (More detailed investigation shows that the critical value of the damping coefficient is
perhaps slightly higher than that in Eq. (12), but finding a precise value is unnecessary and
would have involved very laborious calculation).
Were the viscous interaction between the particle and the normal fluid the only mechanism
responsible for the damping force exerted on the particle then it would seem that trapping
cannot occur at temperatures below 0.7K such that the normal fluid is practically absent.
However, although at T < 0.7K there are not enough quasiparticles (phonons and rotons)
to make the normal fluid, they move in a ballistic regime so that the moving sphere still
experiences the damping force caused by their ballistic scattering off the particle surface.
Moreover, this force has a Stokesian form [25] (with vn ≡ 0)
Fd = −λvp, (13)
so that, with µn understood now not as the viscosity but as a damping coefficient, µn =
8
λ/(6piap), our calculations apply as well to the regime of the so-called ballistic drag. The
temperature dependence of the ballistic drag coefficient,
λ = λph + λrot (14)
can be determined from the following formulae [26] for the phonon and roton contribution,
respectively:
λph =
2pi3k4BT
4a2p
4pi~3c4
, λrot =
~k40a
2
p
3pi
e−∆/T , (15)
where ~ is the Planck’s constant, kB the Boltzmann’s constant, c = 2.38 × 10
4 cm/s the
velocity of first sound in He II, k0 = 1.9× 10
8 cm−1 the roton wave number, and ∆ = 8.65K
the roton gap.
The results of experimental measurement of the drag coefficient, λ in the temperature
interval from 0.35K to Tλ, spanning both the ballistic and the viscous drag regimes, were
reported, in a very good agreement with the theoretical prediction based on formulae (14)-
(15), by Ja¨ger, Schunderer, and Schoepe [25]. It was found that the spherical particle
experiences the ballistic drag at temperatures below 0.7K, while for 0.7K < T < Tλ the
damping force acting on the sphere is mainly due to the viscous drag exerted by the normal
fluid. From Fig. 2 of Ref. [25] it can be seen that at temperature between 0.6 and 0.7K
the ballistic drag coefficient, λ is even considerably higher than the viscous drag coefficient
in the temperature interval between 0.9 and 1.5K. (Perhaps this is less surprising than it
might seem, considering that the ballistic regime provides more effective, compared with the
regime of thermal motion, mechanism of momentum exchange between quasiparticles and
the particle surface.)
The experimental results [25] (as well as the theoretical prediction based on formulae (14)-
(15)) show that the criterion (12) (which, in terms of the drag coefficient λ, reads λ .
0.2× λ(T = 1.3K)) is satisfied for temperatures below 0.5K. Therefore, we can confidently
conclude that for T < 0.5K trapping of neutrally buoyant, micron-size, spherical particles
on quantized vortices can be ignored.
IV. MODIFIED “ONE-WAY COUPLING” MODEL
Below we will consider the motion of spherical, neutrally buoyant, micron-size solid par-
ticle in a tangle of superfluid vortices at temperatures below 0.5K such that the normal
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fluid is absent, and any influence, on the particle trapping by quantized vortices, of the
damping force exerted on the particle by the ballistic scattering of phonons and rotons off
the particle surface, can be neglected. In the considered case, under assumptions formu-
lated in Ref. [15], the particle motion can be described by the “One-Way Coupling” model
represented by Eqs. (1)-(2). In the considered case ρn = 0 so that Eq. (1) simplifies as
follows:
dvp
dt
=
∂vs
∂t
+ (vs · ∇)vs = −∇p . (16)
It must be stressed at this point that Eq. (16) still neglects some effects of the close in-
teraction between the particle and the vortex. In particular, although, at the considered
temperatures, the particle always breaks free through the quantized vortex and can never
be trapped by its core, the reconnecton of the line vortex to the particle surface during
their close approach leads to the excitation of Kelvin waves propagating along the vortex
filament. For the purpose of the following analysis this phenomenon is not of primary im-
portance and will be ignored. More importantly, the “One-Way Coupling” model, described
by Eq. (16), opens the possibility of a mathematical singularity because in this model the
particle is a point so its radial distance to the vortex axis could vanish, which would imply a
divergent velocity field. However, the singularity at rp → 0 is unphysical: Eq. (16) becomes
invalid and the acceleration does not diverge for r → 0 due to the finite size of the particle.
To remove this difficulty and at the same time to incorporate at least some qualitative de-
tails of particle-vortex interactions studied in Refs. [18, 19] and described above in Sec. III,
we modify the “One-Way Coupling” model as follows: we envisage that at distances, rp
of the order of ap and smaller the vortex attaches to the particle. Since the vortex line
becomes orthogonal to the particle surface, this attachment results in a dramatic decrease
of the force exerted on the particle; indeed we expect that this force becomes zero when
the particle-vortex configuration becomes axially symmetric. Within the framework of the
“One-Way Coupling” approach, a simple model which still captures some important features
of the particle-vortex interaction and at the same time eliminates the possible singularity
at rp → 0 can be constructed by assuming that there exists a force-free region for rp < ac,
where ac is a cut-off distance of the order of particle size ap.
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V. TWO-DIMENSIONAL CALCULATION
To appreciate which qualitative physical features are contained in the modified “One-
Way Coupling” model, we start with the two-dimensional calculation for neutrally buoyant
particles of size ap = 10
−4 cm. In two dimensions vortex lines become vortex points, each
point moving, in inviscid fluid, as a fluid point along with the flow generated by all other
point vortices. (Such a system is known as the Onsager’s point vortex gas and was used for
two-dimensional modeling of the vortex tangle in e.g. Ref. [27].) We consider a dilute system
of vortices such that the average distance between vortex points is larger than the particle
size. The Lagrangian motion of the particle is governed by Eqs. (2) and (16) which we put
into dimensionless form using ap as the length scale and a
2
p/κ as the time scale and solve
in a box with periodic boundary conditions using a fourth-order Adams-Bashforth method
with the time step ∆t = 10−4 or less; we also assume, in accordance with the cut-off model
described in Sec. II, that the right hand side of Eq. (16), representing the force acting on
the particle, becomes zero when the distance between the particle and the vortex becomes
smaller than the cut-off distance, ac which we take equal to ap.
It was shown in Ref. [28] that the Lagrangian trajectory of the neutrally buoyant particle
around a single vortex is unstable. Figures 7 and 8 show the results of numerical calculation
of particle and fluid trajectories driven by a more complex vortex configuration: twenty
vortex points of random positive and negative circulation, set initially at random locations
within a periodic box of size 20 × 20. For the sake of clarity we plot only the trajectories
of the solid particle and of the fluid point. The solid particle and the fluid point start
together at the origin (labeled as A), rp(0) = rf(0), and with the same initial velocity,
vp(0) = vf(rp(0))), but quickly separate. It is apparent from Fig. 7 that the motion of the
solid particle has nothing to do with the motion of the fluid point. Indeed, at the final
time, the position of the fluid particle (point C) is very different from the position of the
fluid point (point B). Furthermore, it is interesting to note that the solid particle moves
between the vortices along “ballistic” trajectories. Essentially, the particles are scattered by
the vortex cores which can be thought of as moving “potential wells”.
Another, rather unexpected feature of our calculation is illustrated in Fig. 8 which shows
the evolution of the magnitude of the particle velocity with time. Although at t = 0 we
have vp(0) = vs(0), the magnitude of particle velocity |vp(t)| quickly increases above that
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of the fluid point |vs(t)| and remains larger than the average value of |vs(t)| at all times.
The phenomenon of the particle velocity saturation can be explained as follows. When the
particle moves through a system of stationary vortices (potential wells), its total energy is
conserved. In a dilute system of vortices, the particle mean velocity, determined mainly by
the ‘ballistic’ parts of its trajectory between vortices, will remain constant. However, moving
vortices will accelerate the particle to a velocity large enough such that in the moving frame
of reference the vortices appear still. At this point the particle cannot be accelerated any
longer, and simply speeds up when falling into the potential well of a vortex, and then slows
down when moving out of it, without net velocity change resulting from this interaction. It
must be stressed that without the assumption of a cut-off the particle velocity approaching
an undisturbed vortex would tend to infinity and the calculation would not be practically
possible. For example, the numerical scheme would have difficulties in matching the gain in
speed during the approach with the loss in speed during the motion away from the vortex,
hence produce spurious results, unless the discretized positions of the particle just before
and after the approach to vortex axis were exactly symmetric. Fortunately, as we argued
in the previous section, the vortex-particle interaction force must vanish as rp → 0, so our
cut-off model, although crude, is physically justified. It follows that, during an interaction
with a moving vortex, the particle velocity may change by the value of the order of the
vortex velocity. But, as all vortices move as fluid points, the mean velocity of the vortex
is 〈vs〉, where 〈· · · 〉 denotes an ensemble average. Moreover, the particle’s acceleration is
zero in the force-free region, rp < ac. We can thus argue that the magnitude of the mean
acceleration be of the order of the mean acceleration of the particle at the distance ac from
the vortex, 〈v2s 〉/ac. This leads to the following scaling for the saturated particle velocity:
〈vp〉 ∼
√
`
ac
〈vs〉 . (17)
We shall test this scaling by performing the necessary ensemble averaging in the next Sec-
tion, where we discuss results of the three-dimensional calculation. In the two-dimensional
calculation (whose purpose is only illustrative), we simply replace ensemble averages (de-
noted by 〈· · · 〉) with time averages taken over the duration of the run (denoted by an
overbar); these time averages are v¯s ≈ 0.19 and v¯p ≈ 0.42, hence v¯p/v¯s = 2.2. This ratio is
in agreement with the scaling predicted by Eq. (17), since
√
`/ac = 2.1, where we have used
ac = 1, L = 20/(20× 20) = 0.05, and ` ∼ 4.5 (again in our dimensionless units).
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Since the saturated mean velocity of particles is rather sensitive to the value of ac which
was introduced in a somewhat arbitrary way, the obtained results must be regarded as
qualitative rather than quantitative. However, although in reality the interaction between
the particle and the quantized vortex is much more complicated than the simplified cut-off
model used above, it can still be anticipated that the force exerted on the particle decreases
sharply at distances of the order of ap. Therefore, we have reason to expect that the scaling
arguments leading to Eq. (17) give at least the right order of magnitude for the saturated
mean velocity 〈vp〉.
VI. THREE-DIMENSIONAL CALCULATION
Our three-dimensional calculation is performed in a periodic box of size 0.1×0.1×0.1 cm3.
We start with an arbitrary number of superfluid vortex rings whose evolution is governed by
the Biot-Savart law [20, 21]. The numerical technique has already been described [29, 30];
here it suffices to say that the discretization distance along the filaments is typically 2.08×
10−3 cm and the time step is typically 6.27× 10−4 s. We find that the vortex rings quickly
distort each other, reconnect, and, after an initial transient, a vortex tangle is created. A
snapshot of the tangle is shown in Fig. 9. Figure 10 confirms that we have a statistical
steady state tangle of average vortex line density L = 18.5×103 cm−2. Since the line vortex
numerical method being used was found to introduce the energy dissipation (because of
inaccuracy), we have achieved this steady state by adding occasionally vortex rings to the
system. These additions involved only small percentage of the total length every time and
thus it is possible to say that they had a negligible effect on the results. Typically, 1.4%
of the tangle length was added every 3.135× 10−2 s. The corresponding typical intervortex
spacing is ` = L−1/2 ≈ 7.32× 10−3 cm.
We are interested in Lagrangian properties, so it is instructive to track the position rs of
a number of fluid particles (500 in our calculations) by solving drs/dt = vs. The PDF of the
fluid particle velocity |vs| = vs is shown in Fig. 11. Since vortices move as fluid points, the
figure confirms the estimate which is often made in the literature that the typical velocity
in a vortex tangle is approximately vs ≈ κ/(2pi`), which is 0.02 cm/s in our case.
Following the approach of Schwarz [20, 21], the vortex filaments are modeled as three-
dimensional space curves, which are numerically represented by a finite number N of dis-
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cretization points (in our case N ≈ 9000). From the point of view of the dynamics of the
vortex tangle, this means that Kelvin waves (helical displacements of the vortex cores) of
wavelength shorter than the typical spacing between vortex points are numerically filtered
out. The superfluid velocity, vs = ds/dt at a point s(t) on a vortex line is given by the
Biot-Savart law (6), where the integral extends over all vortex lines. The singularity of the
integral for X → s is handled using a method introduced by Schwarz which has become
standard in the literature: the right hand side is decomposed into a local and a non-local
part; the non-local part is evaluated from the discretized form of the Biot-Savart law; the
local part is evaluated by the asymptotic expression which yields a contribution inversely
proportional to the local radius of curvature [31]. When applying the Biot-Savart law to
calculate the velocity field in the neighborhood of a solid particle, the equivalent normal-
ization of the velocity when the solid particle approaches too close to a vortex is achieved
by the numerical cut-off of the pressure gradient force that acts on the particle. Essentially,
unlike what happens in the two-dimensional model, in the three-dimensional case we have
a natural way to model the physical effects which we have described in Sec. IV. In fact it
turns out that the discretization along the vortex filaments is of the order of the particle
size ap, so there is no need to explicitly introduce a force-free region for distances rp < ac
away from the vortex core, as we did in the two-dimensional model.
To illustrate this three-dimensional cut-off, we calculate the motion of the particle in the
vicinity of an isolated straight vortex line passing through the center of the box. The velocity
field of the straight vortex line is obtained by the same discretization algorithm which we
use for the vortex tangle calculations, rather than from analytical formula (which is indeed
possible in the case of a straight vortex). The initial condition at t = 0 is that the particle
is set at a distance from the vortex line equal to half the box size and the particle velocity is
zero. We find that, after its release, the particle oscillates along a straight line through the
vortex; after 6 oscillations no deviation from this straight line is noticeable, which confirms
the accuracy and stability of the time-stepping. The magnitude of the particle velocity
versus the position x of the particle (relative to the cross-section of the particle trajectory
and the vortex line) is shown in Fig. 12. The horizontal plateau, visible in the vicinity of the
vortex core (x = 0) over a distance which is approximately ∆x ≈ 0.003 cm, clearly indicates
a force-free region of the size of several ap.
A projection of the typical particle trajectory within the turbulent tangle is shown in
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Fig. 13. In agreement with what has been already found in the simpler two-dimensional
calculation (see Fig. 7), the trajectory has a “ballistic” nature; the particle is scattered by the
vortex cores. The ensemble-averaged particle velocity saturates, after the initial transient, as
illustrated by Fig. 14, similarly to the particle trajectory in the two-dimensional calculation
(see Fig. 8). The mechanism for such a saturation was already explained in Sec. V. The PDF
of the particle velocity is shown in Fig. 15 for times when 〈vp〉 is already saturated. Note that
the average value, 〈vp〉 ≈ 0.2 cm/s, is much larger than 〈vs〉 ≈ 0.02 cm/s, hence 〈vp〉/〈vf〉 ≈
10, which is in agreement with scaling (17) because
√
`/ac =
√
7.32× 10−3/10−4 = 8.6 ≈ 10.
We also note that the major contribution to dvp/dt arises from the temporal term of
Eq. (16), not the spatial term: the orders of magnitude of the two terms, averaged over time
and particles, are respectively |∂vs/∂t| ≈ 0.5 cm/s
2 and |(vs · ∇)vs| ≈ 0.05 cm/s
2.
From the point of view of flow visualization, it is clear that, in this low temperature case
which we consider, our model predicts that the trajectories of solid particles do not reveal
the flow pattern of the superfluid: the particles do not move around vortices. Let b be the
angle between vs and vp; the PDF of | cos b|, shown in Fig. 16, is essentially uniform, which
indicates scatter at all angles. However, the limiting case which we study is interesting in its
own merit as a simple multiphase turbulent system. The particle kinetic energy spectrum
Ep(ω) defined by
1
NpT0
Np∑
i=1
∫
v2ip dt =
∫
Ep(ω) dω, (18)
where Np is the total number of particles, vp = |vp|, T0 is the duration of the time record, and
vip = |vip| with vip being the velocity of ith particle, seems to obey the scaling law Ep(ω) ∼
ω−2 as shown in Fig. 17. This scaling can be explained invoking the Fourier transform of
the particle equation of motion (16). The left hand side of Eq. (16) transforms as iωv˜p,
where tilde indicates the Fourier transform. For sufficiently high frequencies corresponding
to particle velocities much higher than the velocities of vortex filaments, the tangle can be
considered as stationary. Since the circulation κ is small, the right hand side of Eq. (16) is
peaked only in the very close vicinity of the vortex filament; therefore, along the particle
trajectory, the right-hand-side of Eq. (16) can be approximated by a delta-function whose
Fourier transform is constant. Hence, the particle kinetic energy spectrum, Ep =
1
2
v˜p · v˜
∗
p
must obey the scaling law Ep ∼ ω
−2. The fluid RMS velocity spectrum, shown in Fig. 18,
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also obeys the scaling law Es ∼ ω
−2, where
1
T0
∫
v2s dt =
∫
Es(ω)dω, (19)
and vs = |vs|. The reason for the same scaling is that both superfluid and solid particles are
acted upon by the same force −∇p.
VII. CONCLUSIONS
This work was initially motivated by the possibility of using small, neutrally buoyant,
solid particles to reveal flow patterns in liquid helium at temperatures low enough so that
viscous effects arising from the normal fluid component can be neglected. However, the
particle motion (and, therefore, the results of PIV measurements) in a tangle of superfluid
vortices can be strongly affected by trapping of particles on quantized vortex cores. An
analysis of this phenomenon should be based on the self-consistent model which would have
accounted for the particle motion in the flow field of the vortex as well as for the influence of
the presence and motion of the particle on the evolution and motion of the vortex filament.
Such a model was developed in our recent works [16–19]. Based on this model we also
developed a phenomenological theory [32] of motion of micron-size particles in turbulent
helium II.
In this paper we analyzed first an influence of the temperature on the particle trapping
on quantized vortices. We found that whether the particle will be trapped or not depends
strongly on the damping force (e.g. the viscous drag force exerted by the normal fluid)
acting on the particle. Therefore, it would seem that at very low temperatures such that the
normal fluid is practically absent the trapping of particles by quantized vortices is impossible.
However, even at temperatures lower than 0.7K, such that the viscous drag force exerted on
the particle by the normal fluid can be neglected, there still exists a damping force caused
by the ballistic scattering of quasiparticles (phonons and rotons) off the particle surface. In
fact, the experimental results [25] show that this force can be even greater than the force
exerted on the particle by the normal, viscous component of He II at temperatures above
1K. Having analyzed particle-vortex collisions at various temperatures, we arrived at the
conclusion that trapping of micron-size particles on quantized vortex cores does not occur
only at temperatures below 0.5K. Therefore, at such temperatures the motion of neutrally
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buoyant solid particles in the vortex tangle can be studied based on the simpler, “One-Way
Coupling” model treating particles as points and neglecting their influence on the motion
and evolution of the vortex tangle.
Based on such a model, in our previous paper [15] we have shown that, for vortex-free,
time-dependent but spatially-independent flows, at sufficiently low temperatures a small
particle traces the superfluid. More in general, in this low temperature regime the formal
solution of the equation of motion of the particle is that its trajectory follows the trajectory
of the superfluid which starts at the same point, provided that the initial particle velocity
is equal to the local fluid velocity. The results of the present paper reveal that this formal
solution is never realized. Even in the simpler case, considered in our earlier paper [28],
of a straight stationary vortex, the trajectory of the solid particle is unstable and deviates
from the trajectory of a fluid particle. Because of this instability, any mismatch which exists
between the particle and the fluid velocities at the initial moment is amplified, so that the
particle does not follow the superfluid. Numerical calculations in two and three dimensions
confirm this result for more complex vortex configurations. We are led to conclude that small
tracer particles cannot be used to visualize superfluid turbulence in this low temperature
regime.
At the same time our results also show that a system of small particles moving in a vortex
tangle is a remarkable new, simple, “inviscid” turbulent system to study. To the best of our
knowledge such a system has never been tackled in the context of Euler fluids. We have
found that the superfluid vortex cores generate moving, deep potential wells, which scatter
the particles. A particle is thus accelerated until it has acquired a velocity large enough
that, in its frame of reference, the vortices appear still; at this point the average particle
velocity cannot change and saturates at a value which we estimate to be of the order of
〈vs〉
√
`/ac, where ac must be of the order of the particle size. We have calculated the PDF
of the superfluid velocity and of the particle velocity, and found that the particle kinetic
energy spectrum obeys a simple scaling law Ep(ω) ∼ ω
−2, as does the fluid RMS velocity.
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FIG. 1: (Color online) Particle-vortex interaction at T = 1.3K. Left: Initial particle-vortex
configuration. Centre: t = 1.246 × 10−3 s; vortex reconnection to the particle surface excites
Kelvin waves. Right: t = 2.672 × 10−3 s; the vortex traps the particle and the system relaxes
emitting a small vortex ring.
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FIG. 2: (Color online) Projection of the particle trajectory on the (x, y)-plane. Twisted part of
the trajectory indicates trapping.
22
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.0003  0.0006  0.0009
|f
d|
/|
f|
t
FIG. 3: (Color online) Time series of the ratio of the damping force to the total force acting on
the particle.
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FIG. 4: (Color online) Time series of the inertial force represented by the second term in the RHS
of Eq. (11).
24
 0
 0.2
 0.4
 0.6
 0.8
 1
 0  0.0003  0.0006  0.0009
|f
b|
/|
f|
t
FIG. 5: (Color online) Time series of the boundary force (last term in Eq. (11)).
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FIG. 6: (Color online) Particle-vortex collision for µn = 0.2×µn(T = 1.3K). Initial particle-vortex
configuration is the same as in Fig. 1. Left: t = 3.076 × 10−4 s; the vortex reconnects to the
particle surface. Centre shows the particle at the moments it breaks free, t = 1.158×10−3 s. Right:
t = 1.167 × 10−3 s; the particle is free.
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FIG. 7: Trajectories of the solid particle (dashed line) and of a fluid point (solid line) in a system
of 20 vortex points. The vortex points have random positive and negative polarities, and are
initially set at random locations in the periodic box. The initial conditions for the solid particle
are rp(0) = rs(0) = (0, 0) (the origin, labeled as A), and vp(0) = vs(rp(0)). Note the smooth
character of the trajectory A to B of the fluid point, and the ”ballistic” character of the solid
particle trajectory from A to C. The trajectories of the vortices are omitted from the picture for
clarity.
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FIG. 8: Velocity magnitude vp of the solid particle, vp = |vp(t)| (upper line) and of the fluid point,
vs = |vs(t)| (solid line) versus time, relative to the calculation of Fig. 7.
28
FIG. 9: Snapshot of the vortex tangle at t = 33.6 s.
29
FIG. 10: Vortex line density L (103 cm−2) versus time t (s); note the saturation to a statistical
steady state after the initial transient.
30
FIG. 11: PDF of the fluid particle velocity (cm/s), vertical axis divided by 100.
31
FIG. 12: Velocity of the particle oscillating through the isolated vortex line as a function of the
particle position relative to the vortex. The plateau near the top of width ∆x ≈ 0.003 cm indicates
the force-free region in the vicinity of the vortex which arises from the discretization in the three-
dimensional calculation.
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FIG. 13: Typical trajectory of the solid particle in the vortex tangle, projected on the (x, y)-plane.
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FIG. 14: Particle velocity saturation.
34
FIG. 15: PDF of the solid particle velocity (cm/s), vertical axis divided by 100.
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FIG. 16: PDF of | cos b|, where b is the angle between vp and vs (vertical axis in units of 100).
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FIG. 17: Particle kinetic energy spectrum, Ep(ω) (cm
2/s) versus ω (s−1). The straight line indicates
the slope ω−2.
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FIG. 18: Fluid RMS velocity spectrum, Es(ω) (cm
2/s) versus ω (s−1). The straight line indicates
the slope ω−2.
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